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1 Introduction 

Inspired by a 3-dimensional interpretation of the Jones polynomial for knots, 
Witten predicted that one can define topological invariants for 3-manifolds us- 
ing simple complex Lie algebras. The first concrete construction was obtained 
by Reshetikhin and Turaev |RTj for 5/2- Soon after, similar invariants were 
constructed for all simple Lie algebras. They are called the Witten- Reshetikhin- 
Turaev invariants (WTR-invariants for short) or quantum invariants because 
Reshetikhin and Turaev's construction is based on the theory of quantum 
groups. It was also Witten's vision that the WTR-invariants can be extended 
to the Topological Quantum Field Theory (TQFT) in a rather natural manner. 
Loosely speaking, a TQFT with base ring K \s a, functor from the category C to 
the category of /C-modules where the objects in C are surfaces and morphisms 
in C are 3-dimensional cobordisms. We denote a TQFT by a pair (T, r) where 
T and r are maps between objects and morphisms respectively. Most known 
TQFTs have anomalies. Anomalies can be resolved by introducing pi -structure 
as in |BHMVj or by studying the category of extended 3-cobordisms as in [Tj . 
In this paper we follow the latter. One of the features of extended 3-cobordisms 
is that they contain embedded colored ribbon graphs. (See Section [2. 21 for more 
details about TQFT and ribbon graph.) For each simple complex Lie algebra 
g and certain integer r, one can define a TQFT (T^^Tr)- In this case, the col- 
ors of the ribbon graphs come from the representations of the quantum group 
Ut,(g) associated to g with the parameter v equal to a primitive r-th root of 
unity. 
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Gilmer introduced the notion of almost integral TQFT in Let -D be a 
Dedekind domain contained in a ring K. A TQFT (T, r) with base ring K is 
called almost (D-)integral if there exists some element £ ^ K such that £t{M) 
is in D for any closed connected cobordism M . (Note that in [U] , £^ is required 
to be in D. One can show that most results in G hold in this more general 
definition.) Gilmer showed that the TQFTs considered in |BHMVj are almost 
integral. Using this, Gilmer, Kania-Bartoszynska and Przytycki |GKPj proved 
that for a prime p > 2 if an integral homology 3-sphere is p-periodic, i.e. it 
admits a Z/pZ action with fixed point set a circle, then its projective SI2 (or 
503) WRT-invariant satisfies some congruent relation. This criterion is used 
to show that the Poincare sphere is 2, 3, and 5-periodic only in |CLj . 

In this paper, we show, in Theorem 13.21 that a modified version of the TQFT 
{Tr, Tr) is almost integral. The modification is to restrict the colors for ribbon 
graphs embedded in extended 3-cobordisms. The difficulty in proving Theo- 
rem 122] is that one must show the integrality of the projective WRT-invariant 
for every closed 3-cobordism with a ribbon graph, while it was sufficient in G_ to 
show the integrality for every closed 3-cobordism with a framed link. (Framed 
links are special ribbon graphs.) Theorem 13.21 is an important ingredient to 
prove that certain TQFTs with rings of algebraic integers as base rings can be 
constructed from (7^^,rr), cf. As a corollary of Theorem 13 .21 the criterion 
in |GKPj can be generalized to all simple Lie algebras fCorollarv 14. 

We start by recalling necessary definitions in Section |2j We state the main 
results in Section|31 We will discuss one application of Theorem l3.2l in Section|lI 
Section El contains the proof of Theorem 13.21 

The authors wish to thank the referee for numerous helpful comments. 

2 Preliminaries 

In this section, we recall some definitions and known results needed in this 
paper. 

2.1 Lie algebras and their quantum deformations 

We will define quantum group and then look at its representation theory. The 
reader may skip this section if he or she is familiar with it. 

Let g be a simple complex Lie algebra with Cartan matrix (aij), i,j = 1, . . . ,i. 
Fix a Cartan subalgebra f} of g and a set of simple roots Ilf, = {qi, . . . ,ae} 
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in its dual space f)*. One can define a symmetric bilinear form (•!•) on f)* 
in the following way. Multiply the i-th row of (flij) by dj G {1,2,3} such 
that {diQij) is a symmetric matrix. Set {ai\aj) = diUij. This bilinear form is 
proportional to the dual of the Killing form restricted on f) . Let X and Y be 
the weight lattice and the root lattice of g . The Weyl group W acts on X and 
Y naturally. The order of the group X/Y is det(ajj). Let X^ be the set of 
dominant weights and 1+ = Y D X^ . According to the general theory of Lie 
algebra, the finite-dimensional representations of Q are parameterized by the 
dominant weights. Let d = maxi<j<;{dj}. Then d is the square of the ratio of 
the lengths of a long root and of a short root of Q . Let ckq be the highest short 
root, and let p be half of the sum of positive roots. The dual Coxeter number 
is hy = 1 + maxQ>o(a|/9)/(i. 

From now on we fix a simple Lie algebra g. Let h he a formal parameter 
and \Jh = U/j(g) be the C[[/i]] -algebra topologically generated by the set of 
generators {Xi,Yi, Hi}i<i<i and the relations 



where Vi = e'"^'/^ and [l]^ = [a]l/[b]l[a - bf^ for a > 6 > 0. Here [yf^ = 
Tl^=i[^]x and [z]x = {x^ — x~^)/{x — x~^). We use [a]i to denote [a]y^. 

It's convenient to introduce some new elements in 15 h. Let 




[Hi,Xj\ — aijXj, [Hi,Yj] — —QijYj 



and ii i ^ j 





V 




so Vi = 



and for 1 < z < ^ 



MiHi/2 



,(n) 



where 



Suppose \x = ^^aiUi G Y . Denote Yl^K^' by i^^. 
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One can put a Hopf algebra structure on \Jh with coproduct , antipode Sh 
and counit Ch defined as follows. 

Ah{Hi) = Hi (g) 1 + Hi, 

eh{Hi) = ehiXi) = eh{Yi) = 0, 
Sh{Hi) = -H,, Sh{X,) = -KiX,, Sh{Yi) = -Kr^Yi. 

Let IK be the field of fractions of C[[h]] and Uk = \Jh ^C[[h]] Let be 
the Q(t>)-subalgebra of Ur generated by Fj, i^j}i<j<^ . Let U4 be the A- 
subalgebra of U^, generated by {E\^\F'f^\Ki | 1 < i < ^, n G N} where A = 
7j[v,v^^]. The Hopf algebra structure on U/^ induces Hopf algebra structures 
on Uk, Ut, and U4. See Chapter 3 of [Ej for a proof of this fact. 

Remark 2.1 Our \Jh coincides with the one defined in [K] except that our 
Vi is denoted qi there and because of this our is denoted Ug there. We use 
the same coproduct as in K which is opposite to the one used in J] . Our U„ , 
U4 and Ki are denoted U, and Ki in 

It is known that finite-dimensional simple modules of Uk (resp. Vy) are pa- 
rameterized by the dominant weights of q, i.e. for any dominant weight A there 
is a unique finite-dimensional simple module Vx (resp. Vx) of highest weight 
A and all finite-dimensional simple modules are of this form. Lusztig showed 
that Vx has a (canonical) basis -B(A) such that the ^-module, denoted a^x, 
generated by -B(A) inherits a U^^ -module structure from Vx- 

Let Vk be the category of finite-dimensional Uk -modules of type L The Hopf 
algebra structure on Uk induces tensor product and duality in Vk- Any module 
M from Vk admits a weight space decomposition 

M = (1) 

xex 

where M'^ = {x G M \ Hi{x) = {ai\X)x}. Let Va be the category of finitely 
generated (as ^-modules) U_4 -modules which have weight space decomposition 
as in Equation Then and its dual a^x* = Hom_4(_4VA, ^) are objects 
of Va for A S X^ . Clearly Va is also a tensor category with duality. 
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Let and be the quasi- i?-matrix and its inverse (Chapter 4 of 0). They 
are infinite sums 

= ^as«'fes, Q = ^as(^bs (2) 

s s 

where as,bs,as and bg are in U„. So and © belong to some completion of 
Ut,(giU^. It turns out that they actually belong to some completion of U4(g)U4, 
i.e. as,bs,as and bs are in U4 (Corollary 24.1.6 of jLj). All the as,bs,as and bs 
act as on any M G Vk except for finitely many of them. Therefore it makes 
sense to consider the map (or 0) : M N ^ M N for any M, N in Vr. 

For M, in Vk , define ^ : M(^N^M0N hy 

^(x(g)y) = ^(''l^^x^y, (3) 

if X € M*^ and y G A^. Note that (j^|/i) is not necessarily an integer"^. Define 
the braiding operator cm,n as follows 

CM,N = P'i>& :M(S)N^N0M (4) 

where P(x <8) y) = y <8> x. It commutes with the Uk action and hence is an 
operator from Vk- 

Let O = Sh{as)bs where and 6s are the ones in Equation 0. It is an 
element in some completion of U4 . For any M G Vk one can define : M ^ M 
because only finitely many terms in the summation act nontrivially. For such 
M the twist operator^ is 

9m -M ^ M, with OMix) = v^^-^^P^^^nix), (5) 

for X G M'^ . The operator 6m is invertible and commutes with Uk actions. If 
M = Vx, XeX+ then Om = v^^+^P^^hdM ■ 

The category Vk is a ribbon category with braiding c and twist 9. But Vj, is 
not because of the fractional powers in Equations (jSJ and We will define a 
ribbon subcategory of V4 in Section 13.11 

2.2 TQFTs based on ribbon categories 

The objective of this section is to define TQFT of extended 3-cobordisms fol- 
lowing Chapter IV of T with some modification. (See also Section 3.3 of jBKj .^ 

^ There exists an integer A for g such that (j^|/i) belongs to if j^, E X and 
belongs to Z if either or ^ is in 

^The twist operator is called the quantum Casimir operator in Chapter 6 of [L], 
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Manifolds are always orientable and smooth. Maps between manifolds are al- 
ways smooth. Non-zero (tangent or normal) vectors are equivalent up to scalar 
multiple. We fix a ribbon category TZ in the rest of this section. As mentioned 
in the introduction, a key feature of extended 3-cobordisms is that they contain 
colored ribbon graphs, which we define next. 

2.2.1 Ribbon graphs 

A band is a homeomorphic image of [0, 1] with a non-zero normal field. The im- 
ages of and 1 are called the bases of the band. An annulus is a homeomorphic 
image of with a non-zero normal field. A band or an annulus is oriented if it 
is equipped with a non-zero tangent field. A coupon is a homeomorphic image 
of [0, 1] X [0, 1] . The images of [0, 1] x and [0, 1] x 1 are called the bottom and 
the top of the coupon respectively. Coupons are always oriented. 

Let M be a 3-manifold. A ribbon graph Q in M is a union of bands, annuli, 
and coupons embedded in M such that: 

(i) The bands and the annuli are oriented. 

(ii) 17 meets dM at some bases of the bands (called free ends of The 
normal vectors of the bands at these free ends are tangent to dM . 

(iii) Other bases of bands (called fixed ends of O) lie on coupons' top or bottom 
with normal vectors in the direction of the positive side of the coupon. 

(iv) Bands, annuli, and coupons are disjoint otherwise. 

Let O be a ribbon graph. An TZ-coloring of $7 is an assignment to each band 
and annulus of $7 an arbitrary object of TZ, and to each coupon of Q a morphism 
of TZ in the following way. Let C be a coupon in $7 and we are looking at its 
positive side with the top above the bottom. Suppose the fixed ends on the 
bottom (resp. top) of C have colors, counting from left to right, Vi,...,V^ 
(resp. Wi, . . . , Wn). Let ej be -|- (resp. — ) if the i-th fixed end at the bottom 
of C is oriented downward (resp. upward). Let Sj be + (resp. — ) if the j-th 
fixed end at the top of C is oriented downward (resp. upward). We assign C a 
morphism 

m n 

/GHom7^((g)y/%(g)VF^^0 

i=l 0=1 

where we use the notation = V , V~ = V* for any object F of 7?.. A ribbon 

graph Q together with an 7^-coloring /i is called an TZ -colored ribbon graph, 
denoted A ribbon graph is partially TZ-colored if some bands and/or 

annuli and/or coupons are 7^-colored. 

Algebraic & Geometric Topology, Volume 5 (2005) 



Almost integral TQFTs from simple Lie algebras 



1297 



2.2.2 Extended surfaces 

Another feature of extended 3-cobordisms is that their boundaries (or rather 
the boundaries of their underlying extended 3-manifolds, cf. l2.2.3|l are extended 
surfaces. An TZ-extended surface (or e-surface for short) is a closed oriented 
surface T together with a finite set of 7^-marks on it and a decomposable^ 
Lagrangian subspace of -fri(r,Q). An TZ-mark on a closed surface F is a point 
p on r associated with a triple (t, V,!^), where t {direction of the mark) is a 
non-zero tangent vector at p, V {color of the mark) is an arbitrary object from 
TZ and i' {sign of the mark) is + or — . If F is an e-surface we denote by 
— r the e-surface obtained from F by reversing the orientation of T, keeping 
the Lagrangian subspace and, for every 7?.-mark on T, changing its sign while 
keeping its color and direction unchanged. The empty surface is considered as 
an e-surface which is not allowed to have any 7^-mark on it. 

An e-homeomorphism between two e-surfaces is a homeomorphism between 
the underlying surfaces that respects the extended structure, i.e. orientation, 
7?.-marks and Lagrangian subspace. 

2.2.3 Extended 3-cobordisms 

Before defining extended 3-cobordisms we need another notion. An TZ-extended 
3-manifold is a triple (M, Q, w) that consists of an oriented 3-manifold M with 
7?.-extended structure on dM , an integer w {weight of M) and an 7^-colored 
ribbon graph (Section [2123) sitting in it. The boundary of M is an e-surface 
such that: 

(i) The free ends of meet dM at the 7^-marks only and each mark meets a 
free end of 0,. 

(ii) The colors (resp. normal vectors) of the bands of 0, and the colors (resp. 
directions) of the 7^-marks agree if incident. 

(iii) The sign of a mark is + (resp. — ) if the incident free end is directed inward 
(resp. outward). 

(iv) The orientation on dM is induced by that of M . 

(v) It is required that w(0) = 0. 

^For a closed surface F with connected components Fi, . . . ,Fm, a Lagrangian sub- 
space of iJi(F,Q) is decomposable if it is a direct sum of Lagrangian subspaces of 
i?i(F„Q),z = l,...,m. 
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(There is no restriction on the Lagrangian subspace of dM .) 

An IZ-extended cohordism (or e-cobordism for short) is a triple (M, F, A) where 
M is an 7^-extended 3-manifold and dM = (— F) U A is an e-surface. An e- 
homeomorphism between two e-cobordisms is a homeomorphism between the 
underlying 3-manifolds that respects the extended structures on 3-manifolds 
and their boundaries. 

Suppose (M, r,A) and (M' ,T' , A') are two e-cobordisms and there is an e- 
homeomorphism / : A ^ F'. One can glue these two e-cobordisms along / 
to get a new e-cobordism (M Uj M',T,A'). Here M Uj M' is an 7^-extended 
3-manifold with an 7?.-colored ribbon graph (obtained by gluing gibbon graphs 
in M and M') sitting inside and weight computed as in IV.9.1 of [Tj. 

2.2.4 TQFTs based on 7^ 

We finally can say what TQFTs really mean. Let K he a, commutative ring 
with unit and Mod(K) be the category of projective K-modules. A topological 
quantum field theory (TQFT) based on TZ with ground ring K \sa, pair (T, r) = 
{T-ji, T-ji) . Here T is a modular functor^ (based on TZ with ground ring K) from 
the category of e-surfaces and e-homeomorphisms to Mod{K) and r assigns 
to every e-cobordism (M, F, A) a ii'-homomorphism 

r(M) = r(M,F,A) : T(F) ^ T(A) 

that satisfies the following four axioms. 

(Naturality) If (M, F, A) and (M', F', A') are two e-cobordisms and there is 
an e-homeomorphism f : M ^ M' then r(M') o T(/|r) = T(/|a) o r(M). 

(Multiplicativity) r(M U M') = t{M) (^k t{M') . 

(Functoriality) If (M, F,A) and (M',F',A') are two e-cobordisms and there 
is an e-homeomorphism / : A ^ F' then r(M U / M') = r(M') o T(/) o r(M) . 

(Normalization) Suppose that F is an e-surface. Then r(F x [0, 1], F x 0, F x 
1) = Id^(r). 

Here (F x [0, 1], F x 0, F x 1) is the e-cobordism with weight that is induced 
by the extended structure on F in the obvious way. Let (T, r) be a TQFT 
based on TZ with ground ring K . For an e-cobordism (M, 0, F) one has r(M) : 
K — » T(F). By slight abuse of notation, we denote t(M)(1) € T{T) simply by 

''A functor T is modular if T{T U A) is naturally identified with T{T) ®k "^(A) and 
T(0) = K, cf. III.1.2 of jT,. 
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r(M). The TQFT is called non-degenerate if for any e-surface T, the module 
T(r) is generated over K by the set 

{r(M) I (Af,0,r) is an e-cobordism}. 

A cobordism with a closed underlying 3-manifold is called closed. The image 
of a closed cobordism (M, 0, 0) under a TQFT is a linear map from K to K . 
Therefore r(M) = r(M)(l) G K . Let D be a Dedekind domain contained 
in a ring K. Recall that A TQFT {T,t) with base ring K is called almost 
(D-)integral if there exists some element £ (z K such that £t{M) is in D for 
any closed connected cobordism (M, 0, 0) . 

3 The main results 

In this section we construct an almost integral TQFT based on a ribbon cate- 
gory coming from U4 -modules. 

Recall that g is a simple complex Lie algebra. In what follows we fix an odd 
prime integer r > dh^ , which does not divide det(ajj) in the notation of Sec- 
tion 12.11 We also fix a Cartan subalgebra f) of g and a set of simple roots 
Ilf, = {ai, . . . , a^} in its dual space \)* . 

The fundamental alcove of level k is defined as 

Cfc = {x G f)* I {x\ai) > 0, (x|ao) < k, i = I, . . . ,i} 

where A; = r — 1 — (p|qo) and qq is the short highest root associated to the 
simple roots we choose. Note that k >0 because r > dh"^ . {Ck is equal to Ck 
in |L2j .) The restriction that r \ det(ajj) is to ensure the invertibility of the 
so-called ^-matrix, cf. the paragraph before Example 13.21 

3.1 Four categories 

As mentioned in the introduction, we need to restrict the colors for the ribbon 
graphs in extended 3-cobordisms. To describe these colors we introduce the 
following 4 categories. 

Let Vi = Vi(0, r) be a category of tU-modules over A. Objects in Vi are direct 
summands of Vi* - • where Vi is A^Xi or its dual A^Xi* = Hom^(^yx^, yl) 
with Aj E Cfc n y and * is either CS)a or 0. Morphisms in Vi are U4 -linear 
maps. So Vi is a full subcategory of V4. Obviously Vi is closed under tensor 
product and duality. For any in the root lattice Y, is always an 
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integer. The weights of an object from Vi are in Y , and so the braiding and 
the twist can be defined as in Equations Q) and © over the ring A. Hence Vi 
is a ribbon category. 

Let ^ be a primitive r-th root of 1. Consider Z[^] as an ^-algebra by sending 
V to Let Uz[^] = IJ4 ^[C]- Let V2 = V2(0,r) be a category of U^f^]- 
modules over The objects in V2 are direct summands of V (8>^ for 

y in Vi. Morphisms in V2 are U^i^j-morphisms. Obviously V2 is closed under 
tensor product and duality. The braiding and twist for Vi induce braiding and 
twist for V2 . Hence, V2 is also a ribbon category. 

Let UQ(g) = U^i^] <8'z[^] Q{C) where Q(^) is the field of fractions of Let 
V3 = V3(0,r) be a category of Uq(^) -modules over Q(^). The objects in V3 
are direct summands of Q(C) for in V2. Morphisms in V3 are Uq(^)- 

morphisms. Similarly V3 is also a ribbon category. 

Remark 3.1 The category Vi is different from the category of finite dimen- 
sional 0-modules. For example, _AVj^ is not isomorphic to _aV_^q(^x-) where wq 
is the longest element in W , cf . Section 3 of . The categories V2 and V3 are 
isomorphic as braided tensor categories in general. (We do not need this here. 
See jni for a proof of this fact.) They are quite complicated. For example, 
they are not semisimple, i.e. they contain some objects that are reducible but 
indecomposable. To get a semisimple tensor category we need to quotient out 
some morphisms in V3 . 

We follow Section 3 of ^ to define the last category. First note that objects 
in V3 are tilting modules. An object V in V3 is called negligible if for every 
/ G Endv3(l^) we have trq(/) = 0. Here trg(/) = tv{K2pf) is the quantum 
trace of /. Then the tensor product of an arbitrary object with a negligible 
object is negligible. The dual of a negligible object is also negligible. These can 
be seen easily using graphical calculus, cf. 1.2.7 of jTj. 

Let V and W V3. A morphism f : V ^ W is negligible if / = gg' for 
some g' : V ^ Z and g : Z ^ W such that Z is negligible. Then for 
a negligible morphism / : f7 — > [/' its transpose /* is negligible. For any 
morphism g : V ^ V , / <8> 5 is negligible, U = V (resp. V = U') then 
fg (resp. gf) is negligible. Hence it's possible to define the quotient category. 
(See also Section 3.3 of |KTj .^ Let J\f = A/'(g,r) be the class^ of negligible 
morphisms in V3. The quotient category V4 = "1^4(5, r) = V^/Af has the same 
objects as V3 and morphisms 

Homv4(V^, VF) = Homv3(V^, M^) /negligible morphisms. 
^ A/" is an ideal of V3 in the language of |KTj . 
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Any object V in Vi (resp. V2, V3) gives rise to V = V ® (resp. V = 
F(8)Q(^), [V] = in V2 (resp. V3, V4). Any morphism / in Vi (resp. V2, 

V3) gives rise to / = / (g) 1 (resp. / = / ® 1, [f] = f / r^) in V2 (resp. V3, V4). 
Here ~ is the equivalence up to negligible morphisms. We denote ^^Vx, ^Vx, 
aVx and [aVx] by i^a, 2^a, sVx and #a respectively. 

Then V4 is a modular category that is dominated by simple objects ^x, A G 
C^ny (cf. Remark 3.10 of [Kj^). See jTj for the definition of modular categories. 
The invertibility of the so-called S matrix in our case is proved in Theorem 3.3 
of ^21 , where v is set to be a primitive 2rth root of 1. But this causes no 
problem. The S matrix (before plugging in ^) is a matrix over Z[u^,f~^] so 
in either case the entries of the S'-matrix are substitutions of v"^ by a primitive 
rth root of 1. (Remember that r is odd.) 

Example 3.2 Let = 5/2- The objects ^x-, ^ = 0,ai, . . . are irre- 

ducible in V4 and every object in V4 is a direct sum of them. On the other 
hand, -^ai -N^r-i is not a direct sum of simple objects in V2. 

3.2 The TQFT 

In this section we define a TQFT, based on the ribbon category V2 with ground 
ring Q(C) (cf. Section r2.2.4|) . from the category of V2-extended cobordisms to 
V4. We modify the construction given in IV of PP. In the rest of this paper 
e-surfaces and e-cobordisms will mean V2-extended surfaces and V2-extended 
cobordisms. 



3.2.1 Parameterization of e-surfaces 

We also need to parametrize every e -surface by a standard surface, which by 
definition is either an empty surface or an e-surface that is the boundary of a 
standard handlebody (with induced extended structure). Here by a standard 
handlebody we mean a genus g handlebody standardly embedded in M'^ with a 



partially V2 -colored oriented ribbon graph R sitting inside as shown in Figure 1 
See Section 12.2.11 for the definition of ribbon graphs. The ribbon graph R 
consists of a coupon (the narrow rectangle near the bottom), several vertical 
bands (with fixed ends on the coupon and free ends on the boundary of the 
standard handlebody) and g half-circled bands (oriented to the left with bases 

^The category V3, which is enough to produce a modular category, is a category of 
tilting modules contained in Rep in 'K^. Our d is denoted m there and x — r/2d. 
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Figure 1: A standard handlebody 

on the coupon). The vertical bands are oriented and colored by objects from 
V2 . The coupon and the g half-circled bands are not colored. 

For any connected e -surface T let 

{p : S ^ r I S is a standard surface and p is an e-homeomorphism} 

be the set of all parameterizations of F up to e-isotopy (in the obvious sense). 
For any e-surface F, this set is not empty (IV. 6. 4. 2 of |T1). Note that F may 
be parameterized by more than one standard surfaces because the V2 -marks on 
F are not ordered. 

3.2.2 The modular functor 

Let's define a modular functor T . First, let T(0) = Q(^). 

Suppose F is a genus g e-surface with m V2-marks (tj,Vi,ej), 1 <i <m (cf. 
Section 1222)) . For each parameterization p of F, put 

(m g \ 

m),®m' ®®{aVx,® aVx*) (6) 
i=i i=i / 

where A = (Ai, . . . , \g) ranges over (Cfc n Yy . Recall from Section 13.11 that 
any object V in V2 induces an object [V^] in V4. Again [V^]^ = \Vi] and 

Furthermore, for two parameterizations p^p' of F there is an isomorphism 
(p{p,p') : Tp{T) —5- Tpi{r) of Q(^) -vector spaces, defined as in IV. 6. 3 and IV. 6. 4. 2 
of 1^. Identify the vector spaces 

{7^(F) I p is a parameterization of F} 

along the isomorphisms {ip{p,p')}(^ppiy The resulting vector spaces T(F) de- 
pends only on F. For any parameterization p of F, T(F) is canonically iso- 
morphic to Tp{T). Denote this isomorphism by p^. 
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Let r and V be connected e-surfaces. For an e-homeomorphism f : T ^ T' we 
define T{f) : T(r) — > T(T') as follows. Pick any parameterization p : T, ^ T . 
Then fp is a parameterization of T' . Set T{f) = {fp)\i{pf,)~^ which does not 
depend on the chosen parameterization (cf. IV. 6. 3.1 of [T]). 

For non-connected e-surfaces we can do the above componentwisely and then 
form the tensor product. The above process defines a modular functor T from 
the category of e-surfaces and e-homeomorphisms to Mod(Q(^)) (cf. IV. 6. 3. 3 

of m). 

Remark 3.3 Unlike |T], which uses only a modular category in the construc- 
tion, we start with the ribbon category V2 in the construction of the e-surfaces 
and e-cobordisms and use the modular category V4 later when we define the 
modular functor T . This modification ensures that the TQFT constructed in 
the next subsection is almost integral. See also Remark 13.51 

Remark 3.4 We quote several results from jT] in this and the next subsec- 
tions. They are valid in our construction because the places where we use these 
results are the places where we are using the modular category V4 . 

3.2.3 An almost integral TQFT 

Now we can describe the almost integral TQFT (T, r) as claimed at the begin- 
ning of Section |3J Let (T^'' , r^" ) be the TQFT derived from the modular cate- 
gory V4 in the way given in Section IV. 9 of [Tj. By definition, T^*(r) = T{T) 
where F denotes the V4 -extended surface induced from S by applying ['] (cf. 
Section 13. Ij) to the colors of the V2 -marks on F . For a V2 -extended cobordism 
M, we define r(M) to be r^''(M), where M denotes the V4-extended cobor- 
dism induced from M by applying ["] to the colors of the V2 -extended ribbon 
graph in M and the colors of the V2 -marks on dM . 

Lemma 3.1 The pair {T,t) is a non-degenerate TQFT, based on V2 with 
ground ring from the category of V2 -extended cobordisms to V4. 

Proof The claim that (T, r) is a TQFT is almost immediate from the def- 
inition because we actually define the pair through a TQFT (T^*,r^*). We 
indicate why it's non-degenerate, i.e. T(T) is generated by r(M) with dM = F. 
(Recall that we denote r(M)(l) by r(M) .) It suffices to consider the case when 
F is connected and F = S for some standard surface S. 
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Recall that S bounds a standard handlebody TC with a partially V2 -colored 
ribbon graph R sitting inside. Let TC' be the standard handlebody obtained 
from Ti. by forgetting the V2 -coloring on R. We denote the uncolored ribbon 
graph in H' by R' . Suppose the vertical bands in R are colored by Vi, . . . , Vm- 
By an admissible VA-coloring (or a-coloring for short) of Ti' we mean a V4- 
coloring of 7i' such that the j'-th vertical band of R' is colored by [V^] and 
the i-th half-circled band is colored by with Aj € fl y. According to 
IV.2.1.3 of P the set {r^''(W(/i))}^ generates T^4(S) = T(S) where /i runs 
through all a-colorings of Ti' . We have to generate this set over Q(^) using 
V2-extended cobordisms. 

Any morphism / G V4 can be lifted (non-uniquely) to a morphism /' € V3 , for 
which there exists A G Z[^],^ 7^ such that Af = f" for some /" G V2. Any 
a-coloring /i of 7i' is uniquely determined by its color on the coupon, denoted 
We can find a G V2 as above. Let /x" be the V2 coloring of Ti' such 
that the coupon is colored by /^', the vertical bands are colored by Vj and the 
half-circled bands are colored according to /^'. Then T-i'{^") is a V2-colored 
cobordism. It's clear that T{n'{n")) = AT^^{n'{n)) for some A G Z[^], A / 0. 
(The nonuniqueness of the lifts causes no trouble because the difference between 
two lifts of one morphism is negligible.) □ 

Remark 3.5 We did not start with V4 because that would give too much 
freedom in coloring ribbon graphs and that in turn would destroy any integrality 
of the TQFT. Here is why. Recah that (T'^Sr^*) is the TQFT based on V4 
with ground ring Q(^) constructed as in m. We claim that it can not be 
almost integral. Suppose D is a Dedekind domain in Q(^). Let M be a closed 
connected V4 -extended cobordism which contains a coupon colored by /. Let 
Ma be the V4-extended cobordism obtained from M by changing / to af for 
some o G Q(0. It's impossible to find a universal constant £ G Q(0 such that 
£T{Ma) G D for all a G Q(0- 

Recall that i is the rank of g and wq is the longest element in its Weyl group. 
Let C be a root of unity such that 

{r if £ is even, r is arbitrary and sign(ti;o) = 1, 
r if £ is odd and sign(ri;o)?^ = 1 mod 4, 
4r otherwise. 

The following theorem is our main result which will be proved in Section |SJ 

Theorem 3.2 Let r > dh"^ he an odd prime that is not a factor of det(ajj). 
Tlien the TQFT (T,t) is almost TjlQ-integral. 



Algebraic & Qeometric Topology, Volume 5 (2005) 



Almost integral TQFTs from simple Lie algebras 



1305 



3.3 Calculating r 

Let (M, rj, w) be a closed connected V2-extended 3-manifold. We recall how to 
calculate r(M). Let L be a framed link in 5^ such that M is obtained from 
by surgery along L. Then there exists a V2 -colored ribbon graph 17' in S"^ 
disjoint from L such that (M, $7) is obtained from (S"^, $7') by surgery along L. 
By slight abuse of notation we will write 17 for 17' . 

Suppose that L has m components. Let n = (/ii, . . . , fim) G (CkriY)"^ . Denote 
by L{p) the V2-colored framed link with the i-th component colored by • 
Let C/™" be the trivial link of m components. Let J = be the quantum 
invariant of V2-colored ribbon graphs in defined in L2.5 of |Tj. Define 

P(L,n) = ^ Ju"^(tJ.)JnuL{tM)- (7) 

/»e{Cfcny)- 

We put F± = F(^ij_^^(D-^ for the trivial knot U± with ±1 framing. Let k and r] be 
one of the square roots of F-/F^ and F^F^ respectively such that kt] = F- . 
(Note that rj and -F_ are denoted 2? and A in [T]. Hence our k is A/2?.) 
According to IV.9.2 and U.2.2 of [T| 

r(M) = T(M,17,u;)(l)=F^F(i,f,)r?-('^+"+i)K- (8) 

where /3i is the first Betti number of M and u, 0"+ and (T_ are the signature, the 
number of positive eigenvalues and the number of negative eigenvalues of the 
linking matrix of L respectively. Recall that a = g^—g- and m = (T-|-+(T_+/3i . 



4 One application 

Again let r > dh"^ be an odd prime that is not a factor of det(aij) and let ^ be a 
primitive r-th root of 1. It is well known that for a closed connected oriented 3- 
manifold M, the projective WRT-invariant t^/{^) is equal to riT{M) multiplied 
by some algebraic integer for a universal complex number r/, cf. Equation (jH)). 
Here M is considered as a closed V2 -extended cobordism with weight and 
empty ribbon graph sitting inside. It is also known that t^,^{^) is in 

One classical question in low dimensional topology is to determine whether a 
3-manifold is p-periodic. A manifold is p-periodic if it admits Z/pZ action 
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with fixed point set a circle. It is shown in |GKPj that if a homology sphere 
M admits such an action then t^^''^ will satisfy some congruent relation. One 
can generalize it to all quantum invariants using Theorem 13.21 

Corollary 4.1 Let M be an r -periodic integral homology 3-sphere, and 

let r, ^ he as above. Then 

(0 = eVr/(0 mod r in Z[e] 
for some integer s. Here 'bar' is the complex conjugation. 

Remark 4.1 Let P be the Poincare sphere (—1 surgery on the left-hand 
trefoil), and let B be the Brieskorn sphere ( — 1 surgery on the right-hand 
trefoil). Corollary 14.11 is used in |CLj to show that P has periodicity 2, 3, 5 
only and B has periodicity 2, 3, 7 only. 



5 Proofs 

5.1 Proof of Theorem 1^ 

In this section we use Proposition 15.11 whose proof will be postponed till Sec- 
tion 15.21 to prove Theorem 13.21 Recall that r is an odd prime > dh"^ which 
does not divide det(ajj) and ^ is a primitive rth root of 1. Let 17 U L be 
a ribbon graph in where i7 is a V2 -colored ribbon graph (possibly with 
some V2 -colored annulus components) and L is an uncolored framed link of m 
components. 

Proposition 5.1 With the above notation, F(L,n) '^[^] (cf- Equation 
and it is divisible by - i)'"('^^-<iims)/2 _ 

This proposition will be proved in Section f5. 21 

Proof of Theorem 13.21 Let {M,^},w) be a closed connected V2-extended 3- 
manifold. Suppose that M is the result of surgery along a framed link L C 
of m components. By Equation 

r{M) = 

By Proposition 4.4 in [L2j, F±/(^ - i)('^'?-dim0)/2 invertible in Z[^]. Hence, 
using Proposition g.+^'f^ g . is in Z[^] . This implies that r]T{M) e Z[^, k] . 

F_ 

The theorem now follows from the next lemma. □ 
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Lemma 5.2 With the notations as above, k E . 

Sketch of proof First, one can follow the proof of Theorem 6.2 of to show 
that ry^ = = sign{wo)r^ / for some a G Second, it's known that 

sign(?i;o)r^ G ^[C]- Hence rj belongs to Q(C)- Since 7]k = F_ is in 
is in Q(C) too. It remains to notice that k is always a root of miity (of. again 

E). □ 



5.2 Proof of Proposition IFiTl 

The proof of Proposition 15 . II relies on the Kontsevich integral for framed tangles 
(cf [LMllKTl). The Kontsevich integral can be considered functor from 
the category of framed tangles to the category of chord diagrams. We define 
these two categories first. 



5.2.1 Categories of framed tangles and chord diagrams 

Up to the end of Section l5.2.;-i( we follow |KTj closely so that the reader can 
easily find some missing details there. For a diff'erent approach see |LMj . 

Let T be the category of framed tangles. The objects are words in +'s and 
— 's and the morphisms are framed tangles (up to the equivalence classes) in 
X [0, 1]. The category T is a strict ribbon category (cf. Section 2.1 of |KTj . 
where T is denoted T). 

For any pair of non-negative integers (a, b) , an (a, b) -curve C is a compact 
oriented smooth curve'' such that dC is divided into two totally ordered sets, 
source s{C) and target t{C) of cardinalities a and b respectively. An {a,b)- 
chord diagram is an (a, 6) -curve C together with finitely many pairs of un- 
ordered points (called chord-ends) on C . Such a pair is usually indicated by a 
dashed line (called a chord on C) connecting the pair. Let A be the category 
of chord diagrams. An object (resp. a morphism) in A is a word in -|-'s and — 's 
(resp. a C -linear combination of chord diagrams (up to the equivalence classes) 
with the same target and source). Then A is a strict infinitesimal symmetric 
category. In Section 2.3 of jKTj . A is denoted ^(C) . Note that chord diagrams 
in |KTj are equipped with residues, an extra structure being omitted here for 
it is not essential for our purpose. 

^Smooth curves are sniooth l-manifolds. They do not have to be embedded in 
S-manifolds nor have associated normal vectors. 
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5.2.2 The Kontsevich integral for framed tangles 

For any strict infinitesimal symmetric category one can obtain a braided tensor 
category using formal integral, cf. the proof of Theorem 4.7 of |KTj . We recall 
it when the strict infinitesimal symmetric category is A. 

Let h he a. formal parameter. The formal integral A[[h]] of A is a category 
whose objects are the same as those of A and whose morphisms from s to 
s' are formal series X]£o/*^* with /j € HomA(s,s'). There exists a braided 
tensor category structure on A[[/i]] . This category is not a strict braided tensor 
category. 

Let A' = A[[/i]]^*^ be the strictified category of A[[h]]. See XL5 of |K1 for the 
definition of strictification. Then A' is a strict braided tensor category whose 
objects are finite sequences of objects of A, including the empty sequence. For 
such a sequence s = {si, . . . , s^) , let P{s) = if > 0, where tensor product 
is taken in the order of index i, and P{s) = C if k = 0. For any two objects s 
and s' in A' let 

HomA'(s,s') = Rom^[[h]]{P{s),P{s')). 

Lemma 5.3 |KTj Section 6 There is a functor Z : T ^ A' respecting braided 
tensor category structure. 

The functor Z is called the Kontsevich integral for framed tangles. For any 
framed tangle T, 

oo 

Z{T) = Y,UTW (9) 

1=0 

where Zi{T) is a linear combination of chord diagrams with i chords, whose 
underlying 1-manifolds are T forgetting framing. We call Zi{T) the degree i 
part of Z{T). 

5.2.3 A weight system 

To calculate the quantum invariant from the Kontsevich integral we need 
to define a weight system. We are only interested in the string tangle case. A 
string tangle is a tangle whose i-ih free upper end is connected to the i-ih free 
lower end for all i. A string tangle is allowed to have closed components. A 
string chord diagram is defined similarly. 

Let y be a finite dimensional g-module. Let C : ei ■ • • ei • • • be a 

string chord diagram. It is a morphism in A. A state sq of C is an assignment 
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to each unordered pair of points (chord) an element Xj , i £ {1, . . . , dim g} where 
{xi} is an orthonormal basis of g with respect to the Kilhng form. For each 
component of the underlying 1-manifold of C we get an element in the universal 
enveloping algebra U(0) obtained by multiplying Xj 's on this component in the 
order of the orientation of this component. Thus we get n elements yj in U(g) 
where n is the number of components of C. Tensoring up these n elements 
one gets an element in U(g)®". If the i-th component of C is an annulus then 
we take the trace tTviUi)- Having done so for all annulus components we end 
up with w{so) G U(g)^"'. The weight of C is 

m m 

Wg(C) = ^(^O) : (g) V^' ^ (g) V^^ (10) 

So i=l i=l 

summed over all possible states of C, where = V and = V* . Note that 
although Hi is not well-defined for an annulus component, the weight is well- 
defined because we take the trace. We extend the weight to linear combination 
of chord diagrams by linearity. 

We will use Z and tVg to compute J in Equation (fT^ . See also Eemark I5.1L 
5.2.4 A lemma on J 

The symmetric algebra ©(Ilfj) in the simple roots Ilf, can be considered as 
polynomials on the root lattice as follows. For any monomial p = ■ ■ ■ in 
S(n(,) and any ^ £ y, let 

p(//) = (oij/i) • • • (ai„|//) 
(cf. |Llj ) . The degree of p is n . 

Recall from Section 13.31 that J = is the quantum invariant of V2 -colored 
ribbon graphs in defined in 1.2.5 of [T]. Suppose that 17 is a V2-colored 
ribbon graph is S"^ . Let L be an m-component link in S"^ disjoint from Q.. Let 
H = (/ii, . . . , ^rn) with G y nCfc . Denote by L{^) the V2-colored framed link 
with the i-th component colored by 2^^^ • Therefore r2UL(/i) is a V2 -extended 
ribbon graph. The following lemma deals with the dependence of JouL(^) 
/ii, . . . Again, we assume that r is an odd prime > dhy which does not 

divide det(ajj) and is a primitive r-th root of 1. 

Lemma 5.4 In the above notation, 

m{rl—d\ra g)/2— 1 

JnuL[fj)= Y fi{fii,...,fini){v -iy\y=^ + R (11) 

i=0 
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Figure 2: A tangle presentation for VlU L 



where fi is a polynomial in /xi, • • • , //^ of total degree not exceeding 2i + ms 
for all i and Re Z[^] is divisible by - i)'"('-^-dim0)/2 ^ ^^^^ ^ ^^^^ 

number of positive roots of q. Furthermore, for any i, the polynomial fi takes 
integer values for fii, . . . , fim £ CkHY . 



Proof It's obvious that i7uL can be presented as a diagram shown in Figure 2] 



where T2 is the diagram of a string tangle and Ti is the diagram of a ribbon 
graph such that all coupons of 0, are inside Ti and the link L is inside T2 . To 
see this we first draw an arbitrary diagram presenting L inside a disk Di . 
Then we pull L into a disk D2 disjoint from Di keeping all coupons inside Di . 
After that the strings connecting Di and D2 , which are disjoint from L , can 
be arranged into the diagram shown in Figure 21 Hence 



JnuLif,) = trg ( Jti o Jt2(/.)) = tr {Jt^ o Jj.^^^^-^ o K2p) . 

Suppose that the strings connecting Ti and T2 have colors Ui, . . . ,Un- Then 
both Jti and JT2{fj.) endomorphisms of C/ = ®iUl^ where ej = ± is deter- 
mined by the orientation of the i-t\i string, cf. Section [2.2.11 

Recall from Section [3 .11 that for any object V in V2 there exists a unique object 
V' in Vi such that V = V' . Pick a basis B' for U' which induces a basis B 
for U . Then Jj-^ is a matrix over with respect to B. Let Jti be the 
matrix over A obtained from Jt^ by substituting ^ by f . Note that Jti is not 
well-defined. For example ^'^ can be substituted by either or 1. But one 
certainly has Jt^ \v=^ = Jti ■ 

Let T2{fj,') be a Vi -colored framed string tangle obtained from T2{fi) by chang- 
ing color on each of its component, including the bands, from V to V' . Note 
that T2 contains no coupons. Let J' be the invariant for Vi -colored ribbon 
graphs constructed in Theorem L2.5 of Then Jj-2{i_i') ■ U' ^ U' is a mor- 
phism in Vi which is presented as a matrix over A with respect to B' . Since 
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the ribbon structures on Vi and V2 are induced by the same quasi- i?-matrix G 
(cf. Equations (pOl ). J^_^^^,j|^=^ is the matrix over Z[^] presenting JT2{tJ.) with 
respect to B. We have 

JnuLifi) = tr (^JTiJT2{f,')^2p^ lf=?! (12) 

where JTiJ'rp^^^,^K2p is considered as a product of matrices. By Lemma [5.51 
below we have 

tr (^JtiJt2(p')^2p) L=eh/2 = "^PiifJ-l, ...,Hm)h' (13) 

i=0 

where pi is a polynomial in root lattice of degree at most 2i + ms for all 
i. (Note that i^2p and Jti are independent of fi.) Substituting v back into 
Equation (|13j) . i.e. letting 

oo 

h = 2ln{v) = 2Y,i-iy-\v-iy/i, 
i=l 

we have 

oo 

tr (^JTi J-^2(^/)-?^2p) = ^/i(/il,...,^m)(f - 1)* 

i=0 

m,(r£— dim q)/2—1 
= XI fi{m,...,l^m){v-iy +Rv 

with Ry divisible by {v — i)™('"^-dim0)/2 ^ The element R^ is a priori 
in C[[v]]. It belongs to A follows from the fact that J'^2(^')-^2p can be 
presented as a matrix over A with respect to basis B' if fii E 1+ . For the same 
reason we see that fi takes integer values if /ij G y+ . The coefficients fi are 
polynomials in root lattice of degree at most 2i + ms . Substituting ?; by ^ we 
get Equation (fTT]) . □ 

Before we state Lemma l5.5l let's recall a fact first. 
5.2.5 A fact about U(0) 

Any element x in U(0) can be written uniquely as a sum x = z + u for some 
z in center(U(0)) and u in [U(3),U(0)] such that deg(z) < deg(x) (cf. Page 

Algebraic & Geometric Topology, Volume 5 (2005) 



1312 



Qi Chen and Thang Le 



105 Exercise 19 of [Bj or Section 2.3.3 of |WI^). Here deg is the PBW-degree. 
Let Vx be the simple g -module with highest weight A G y+ . Then z acts on 
Va as a scalar 2(A) G C. By the Harish-Chandra theory z{X) is a polynomial 
function on root lattice with degree no greater than deg(z) . Then by the Weyl 
formula the trace trv^{z) = dim(yx)2;(A) is a polynomial on root lattice with 
degree at most deg(z) + s. Since u has trace it follows that try^(x) is also a 
polynomial in root lattice which has degree at most deg(x) + s . 

5.2.6 A lemma on J' 

Recall that J' is the invariant for Vi -colored ribbon graphs constructed in 
Theorem 1.2.5 of The following lemma is a generalization of Lemma 4.6 of 

m- 

Lemma 5.5 For u = (z/i, . . . , i/^) , let T{v) he a Vi-colored framed string 
tangle whose closed components are colored by iV^^ , • • • , iVu^ ■ Then, J^(^^^ can 
be presented by a matrix (cy) such that 

00 

Cij\^=eh/^ =^Pk{f^l,---,f^m)h'' (14) 
A:=0 

where pk is a polynomial in ^1 , . . . , /i^ of total degree not exceeding 2i + ms . 

Let Vg be the category of finite dimensional g-modules. It is well known that 
for each object V in Vi there exists a unique object Vg in Vg with the same 
weight space as V . 

Proof Let T(i>) be the Vg-colored framed string tangle obtained from T(i/) 
by changing all colors from V to Vq. Then one can calculate J^^^) from the 
Kontsevich integral (Equation Q) 

00 

Z{T{9)) = Y,Z^{T{9W 

i=0 

as follows. Suppose that Jx(u) endomorphism of V G Vi . Then it follows 

that to g{Zi{T (D))) is an endomorphism of Vg G Vg, cf. Equation (|Tn|) . For any 
basis of V and of Vg there exists an invertible matrix A over C[[/i]] , independent 
of z^, such that (as matrices over C[[/i]]) we have 

= A (^p^{-iytc,{Z,{T{i))))h^ A-\ (15) 
*We thank the referee for pointing out this reference to us. 
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(See Remark l5 . 1 1 b elow . ) 

Hence each entry of J^^-^-j |„^gh/2 is of the form 

oo 

^Pk{l^l,...,Um)h'' 
k=0 

where pk is a polynomial in i^i, . . . , of total degree not exceeding 2i + ms 
(each chord has two chord-ends). Now Equation ([TI|) follows from this and 
((13). □ 

Remark 5.1 Equation ()15() is proved in Theorem 7.2 of |KTj . Strictly speak- 
ing, one needs to generalize the Kontsevich integral Z in Section 15.2.21 (resp. 
weight system trig in Section I5.2.3|) to the case when components of tangles 
(resp. chord diagrams) are colored by (not necessarily identical) objects in Vg. 
But this generalization is quite straightforward. 

5.2.7 Proof of Proposition I^TTl 

Since J is defined over V2, F{L,n) ^ ^[C]- By Lemma 1^711 

m{rf-dim 0)/2-l 

Ju"'{li)JnuL{ti) = X] • • • )/^m) (^ - 1)' + -R' 

i=0 

where R' G is divisible by (^ — i)™-{^^-<iim9)/2 ^nd /^''s are polynomials in 
root lattice of degree at most 2i + 2ms taking integer values for //j G y+ n . 
Since 

F{L,Q) = ^ Ju"'{tJ.)JQUL{fj.) 

we can apply Lemma 4.7 in |L2p to show that F(^l,q) is divisible by {£, — 
l)m(r£-dim0)/2 ^j^] _ rj.^^^ ^^^^ proof of Proposition 
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